We study a regular closure operator in the category of quandles. We show that the regular closure operator and the pullback closure operator corresponding to the reflector from the category of quandles to its full subcategory of trivial quandles coincide, we give a simple description of this closure operator, and analyze some of its properties. The category of algebraically connected quandles turns out to be a connectedness in the sense of Arhangel'skiǐ and Wiegandt corresponding to the full subcategory of trivial quandles, while the disconnectedness associated with it is shown to contain all quasi-trivial quandles. The separated objects for the pullback closure operator are precisely the trivial quandles. A simple formula describing the effective closure operator on congruences corresponding to the same reflector is also given.
Introduction
A quandle is a set X equipped with two binary operations ✁ and ✁ −1 such that the following identities hold (for all x, y, z ∈ X):
(A2) (x ✁ y) ✁ −1 y = x = (x ✁ −1 y) ✁ y (right invertibility);
(A3) (x✁ y)✁ z = (x✁ z)✁ (y ✁ z) and (x✁ −1 y)✁ −1 z = (x✁ −1 z)✁ −1 (y ✁ −1 z) (self-distributivity).
This structure, first studied by D. Joyce [16] and, independently, by S. V. Matveev [17] , captures some fundamental properties of group conjugation: for example, the Wirtinger presentation of a knot group only involves relations of type z = y −1 xy so that it is more natural to present a quandle rather than a group. In particular, the knot quandle of a knot is an invariant which is complete up to orientation.
If X and Y are two quandles, a function f : X → Y is a quandle homomorphism if it preserves the operations: f (x ✁ x ′ ) = f (x) ✁ f (x ′ ) and
for all x, x ′ ∈ X. Quandles and quandle homomorphisms constitute a variety of universal algebras. A quandle X is trivial when it satisfies the additional identity x✁x ′ = x = x✁ −1 x ′ , for any x, x ′ ∈ X. By Birkhoff's Theorem the category Qnd * of trivial quandles is a subvariety of the variety Qnd of all quandles, since it is obtained by requiring an additional identity to the ones defining the variety Qnd (see [6] , for instance). Observe that trivial quandles are the same thing as sets: indeed, given a set S, the first projection p 1 : S × S → S obviously yields the unique possible trivial quandle structure on S.
The forgetful functor U : Qnd * → Qnd has a left adjoint π 0 :
called the connected component functor, which is constructed as follows. The axioms in the definition of a quandle X imply that the right actions, denoted by ρ y : X → X and defined by ρ y (x) = x ✁ y for all x ∈ X, are automorphisms. Writing Inn(X) for the group of inner automorphisms of X, i.e. the subgroup of the group Aut(X) of automorphisms of X generated by all such ρ y , one calls connected component of X an orbit under the action of Inn(X). Two elements x and y of X are in the same orbit if one can find a chain of elements x i ∈ X, for 1 ≤ i ≤ n, linking the elements x and y
with ✁ αi ∈ {✁, ✁ −1 } for all 1 ≤ i ≤ n, where one omits writing the parentheses according to the following convention:
We write [x] X for the orbit of x ∈ X under the action of Inn(X). The functor π 0 : Qnd → Qnd * sends a quandle X to its trivial quandle (=set) π 0 (X) of connected components: π 0 (x) = [x] X . The X-component η X : X → U π 0 (X) of the unit of the adjunction is simply given by projection of X to its trivial quandle (=set) of connected components.
In this article we investigate the pullback closure operator on subobjects [14] in Qnd associated with the adjunction (A), which actually coincides with the corresponding regular closure operator (see [18, 11, 9, 12] ). We observe that the reflector π 0 : Qnd → Qnd * preserves finite products (Lemma 2.4), and then study some basic properties of the pullback closure operator (Proposition 2.6). It is then shown that the algebraically connected quandles are exactly the c-connected objects for this closure operator (Proposition 2.8), the c-separated objects being the trivial quandles (Proposition 2.9). The disconnectedness in the sense of Arhangel'skiǐ and Wiegandt [1] associated with the category of connected quandles is a category containing all the quasi-trivial quandles (in the sense of [15] ), and is then strictly larger than the category of trivial quandles.
We then turn our attention to the study of the effective closure operator on congruences [4] , again corresponding to the adjunction (A). In particular a simple formula in order to compute the closure is given (Proposition 3.4), which is based on a recent permutability result for quandles established in [13] .
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Pullback closure operator
In this article C will always denote a finitely complete and regular category (in the sense of [2] ): this means that
with p a regular epimorphism and i a monomorphism (I i − → X is called the regular image of f );
• regular epimorphisms are pullback stable in C.
The classes E of regular epimorphisms and M of monomorphisms form a stable factorization system (E, M) in C [8] . We shall refer to an arrow M − −−− → X, the closure of m in X. This application satisfies the following properties for any m, n ∈ Sub(X), and f : X → Y :
We say that M Recall that a pointed endofunctor (R, r) is given by an endofunctor R : C → C and a natural transformation r : 1 C → R. Any pointed endofunctor in a category with a stable factorization system (E, M) induces a corresponding closure operator, called the pullback closure operator [14] , whose definition we are now going to recall. If M m − → X belongs to M, construct the following diagram where n • e = Rm is the (E, M)-factorization of Rm, and c X (m) is the pullback of n along r X :
Then the assignment c X :
X (n) is a closure operator, called the pullback closure operator corresponding to (R, r). As it follows from Corollary 7 in [14] , any full reflective subcategory X of a regular category C induces an idempotent pullback closure operator. Let us describe it in the case of the reflection (A) between the category Qnd of quandles and its full reflective subcategory Qnd * of trivial quandles. From now on, a subobject M m − → X in the category Qnd will be a subquandle inclusion. In particular the regular image I of an arrow f : X → Y as in (1) will be the inclusion of the direct image f (X) as a subquandle of Y .
Proof. The adjunction (A) induces the pointed endofunctor (U π 0 , η), and the arrow N n − → RX = U π 0 X is simply the inclusion of the image of U π 0 (m) in U π 0 (X). Since c X (m) is a monomorphism, it is the inclusion of the following subquandle of X:
The pullback closure operator takes a subquandle M of X and extends it to the union of connected components that are "touched" by M . For instance, one can represent the action of the closure operator on a subobject M of X by the dotted part c X (M ) in the following diagram: 
For the reflection (A) between the category of quandles and the category of trivial quandles, one observes that any monomorphism in the subcategory Qnd * is a regular monomorphism (since Qnd * ∼ = Set). As it is well known (and easy to check) the regular closure operator and the pullback closure operator induced by this reflection then coincide : c X = c reg X , for every X ∈ Qnd.
Lemma 2.4. The functor π 0 : Qnd → Qnd * preserves finite products.
Proof. It suffices to check that the functor π 0 preserve binary products, since it preserves the terminal object. Let X, Y ∈ Qnd. There is a unique quandle homomorphism γ :
It is easy to see that γ is surjective, by using the fact that each component of the unit of the adjunction (A) is surjective. Let us check that γ is injective :
The idea now is to use the idempotency of ✁ and ✁ −1 in order to pass from x to x ′ and from y to y ′ without changing the other component :
proving that γ is also injective, thus an isomorphism.
Lemma 2.5. Let S s − → X and T t − → X be two subquandles of X ∈ Qnd. The smallest subquandle S ∨ T containing both S and T is given by the set
equipped with the quandle operation inherited from X.
Proof. First note that in a quandle X we have the following equality for all x, y, z ∈ X and ✁ α , ✁ β ∈ {✁, ✁ −1 } :
showing that U is stable under ✁ and ✁ −1 . Certainly U contains both S and T , and any quandle containing S and T must contain all chains of the form a 1 ✁ α1 a 2 ✁ α2 · · · ✁ αn−1 a n with a i ∈ S ∪ T so that U is the smallest subquandle containing S ans T .
Let us now show some basic properties of the pullback closure operator associated with (A): Proposition 2.6. The pullback closure operator c for the adjunction between Qnd and Qnd * has the following properties :
(2) c X ( i∈I s i ) = i∈I c X (s i ) for subobjects S i si − → X with i ∈ I (c is fully additive); Proof. The first point is easily verified. To check (2), observe that Lemma 2.5 says that
where the quandle structure is inherited from X. Accordingly:
In order to check (3), let us write (a i ) for an element of 1≤i≤n M i = M and (x i ) for an element of 1≤i≤n X i = X. Then
To see (4), we have to check the validity of
But since f is surjective, there exists x i ∈ X such that f (x i ) = y i for all 1 ≤ i ≤ n so that
Remark 2.7. We now show that the pullback closure operator associated with the reflection (A) is not weakly hereditary. Consider the 3-element quandle X with ✁ = ✁ −1 , and ✁ defined by the following table :
Now, if we look at the closure of the subobject {x} m − → X, where {x} is a oneelement quandle, we find that c X ({x}) = {x, y} equipped with trivial quandle operations. Thus m/c X (m) is defined as m/c X (m)(x) = x, and c cX ({x}) ({x}) = c {x,y} ({x}) = {x}, which is not isomorphic to c X ({x}).
Connected quandles
In a category C equipped with a closure operator c one says that an object X is c-connected if the diagonal ∆ X : X → X × X is dense. In the category Qnd a quandle A is called algebraically connected if A has exactly one orbit [16] . We now show that the c-connected quandles for the pullback closure operator associated with (A) are precisely the algebraically connected quandles:
Proposition 2.8. Let c be the pullback closure operator for the adjunction (A).
A quandle X is c-connected if and only if it is algebraically connected.
Proof. When X is algebraically connected, so that π 0 (X) = {⋆} is the oneelement quandle, then X × X is also algebraically connected, by Lemma 2.4. We then have the commutative diagram
where n is an isomorphism. Accordingly, c X×X (∆ X ) is an isomorphism, and X is c-connected. Conversely, assume now that X is c-connected. Since c X×X (∆ X ) is an isomorphism and η X×X is a regular epimorphism, the monomorphism n is an isomorphism. It follows that U π 0 (∆ X ), and then π 0 (∆ X ), is surjective: this means that for any ( 
, showing that X is algebraically connected.
From now on we shall call a quandle connected when it satisfies the equivalent conditions in Proposition 2.8.
A similar result holds for the so-called c-separated objects: these turn out to be exactly the so-called trivial quandles. Recall that an object is said to be c-separated for a closure operator c when ∆ X : X → X × X is closed. Proposition 2.9. Let c be the pullback closure operator for the adjunction (A). A quandle X is c-separated if and only if it is a trivial quandle.
Proof. By taking into account Lemma 2.4 we see that a quandle X is c-separated if and only if the commutative square
is a pullback. Since this square is a pullback if and only if the kernel pair Eq(η X ) of the unit η X is the discrete equivalence relation on X, this is also equivalent to the fact that η X is a monomorphism. But η X is always a regular epimorphism, so that X is c-separated if and only if η X is an isomorphism, as desired.
We are now going to show that the connected quandles form a connectedness in the sense of Preuss, Herrlich, Arhangel'skiǐ and Wiegandt [1] with respect to the class of trivial quandles. We also give a description of the disconnectedness associated with the class of connected quandles. First recall that a morphism
Lemma 2.10. In the category Qnd of quandles, a morphism f : X → Y is constant if and only if it factors through the terminal object {⋆}.
Proof. When f : X → Y factors through {⋆}, it is obviously constant. Conversely, if f : X → Y is constant, take the kernel pair (X × X, p 1 , p 2 ) of the regular epimorphism ! X : X → {⋆}. Since f is constant, it coequalizes p 1 and p 2 , and the universal property of the coequalizer ! X induces a unique morphism
For a full subcategory X of C, the class r(X ) := {C ∈ C | every f : X → C is constant for all X ∈ X } is called a disconnectedness, and l(X ) := {C ∈ C | every f : C → X is constant for all X ∈ X } is called a connectedness. There is an adjunction, with Sub(C) the class of all full subcategories of C ordered by inclusion:
In the category Top of topological spaces, we have
We are going to show that there is a similar correspondence in the category Qnd of quandles. In the following proposition by trivial subquandle we shall mean the empty subquandle, and any one-element subquandle.
Theorem 2.11. In the category Qnd, given X = Qnd * we have
and Z := {X ∈ Qnd | X has no non-trivial connected subquandles} = r(Y).
Proof.
* is constant by commutativity of the following square
To see that l(X ) ⊂ Y, suppose that every f : X → Y is constant for all Y ∈ X , and let us prove that π 0 (X) = {⋆}. Note that η X : X → U π 0 (X) is constant, but it is a regular epimorphism, thus π 0 (X) = {⋆}.
Z = r(Y)
First take X ∈ Z, Y a connected quandle, and f : Y → X. By taking the regular epimorphism-monomorphism factorization i
observe that f (Y ) is connected as a quotient of a connected quandles, but it is also a subquandle of X so it must be trivial, thus f (Y ) = {⋆}. Now suppose X ∈ r({connected quandles}), and that X / ∈ Z = {X ∈ Qnd | X has no non-trivial connected subquandles}.
Then X has a non-trivial connected subquandle Γ of cardinality stricly greater than 2 (the only 2-element quandle is trivial), with inclusion Γ → X. But X ∈ r({connected quandles}) so the inclusion Γ → X factors through {⋆}, thus Γ = {⋆}, a contradiction.
This follows from the adjunction (4).
Remark 2.12. One might wonder whether Z = Qnd * . Certainly the class of trivial quandles is contained in Z but the converse is not true because the larger class of quasi-trivial quandles is also contained in Z. A quasi-trivial quandle [15] is a quandle satisfying
To prove that any quasi-trivial quandle X is in Z, let i : Y → X be an inclusion of a connected subquandle Y of X. Then Y is also a quasi-trivial quandle since i is injective and
Since Y is connected, for any x, y in Y there exist x i ∈ Y and ✁ αi ∈ {✁,
The quandle Y is then trivial, and then it belongs to Z. Note that a quasi-trivial quandle is not trivial in general: an example is provided by the quandle (3).
Effective closure operators
In this section we recall some results about closure operators on effective equivalence relations in regular categories, which can be found in [4] . We then describe the closure operator corresponding to the reflection (A) between quandles and trivial quandles.
An internal equivalence relation
/ / X on an object X in C (see [3] , Section 2.5, for instance), where r 1 and r 2 denote the projections, is effective [2] if there is an arrow g : X → Y such that (R, r 1 , r 2 ) is the kernel pair of g, i.e. the following square is a pullback:
We denote such an equivalence relation simply by R. If f : Y → X is an arrow in C, we write f −1 (R) for the equivalence relation on Y which is the inverse image of R along f : it is obtained by composing the dotted arrow in the following pullback with the projections
Definition 3.1. [4] An effective closure operator c on effective equivalence relations in a regular category C consists in giving, for every effective equivalence relation R on an object X, another effective equivalence c X (R), called the closure of R. This assignment has to satisfy the following properties, where R and S are effective equivalence relations on X, f : Y → X is a morphism in C:
(5) if f : Y → X is a regular epimorphism, one then has the equality
By an E-reflective subcategory X of C we shall mean a full reflective subcategory X of a regular category C
with the property that each component η X : X → U F (X) of the unit η of the adjunction is in E (i.e. a regular epimorphism). E-reflective subcategories of a regular category can be characterized in terms of effective closure operators as follows:
Theorem 3.2.
[4] Let C be a regular category. There is a bijection between the E-reflective subcategories of C and the effective closure operators in C.
The existence of this bijection was proved in Theorem 2.3 in [4] . In order to make the article more self-contained, we recall how the closure c X (R) of an effective equivalence relation R on X is defined starting from an E-reflective subcategory X of a regular category C as in (B). One first takes the canonical quotient f : X → X/R, and then considers the inverse image f −1 (Eq(η X/R )) along f of the kernel pair Eq(η X/R ) of the X/R-component η X/R of the unit of the adjunction. Equivalently, the closure c X (R) can be defined as the kernel pair of the arrow η X/R • f : X → U F (X/R) (this also shows that the equivalence relation c X (R) is effective).
Examples 3.1. The category Grp(Comp) of compact (Hausdorff) groups is a regular category, and it contains as full E-reflective subcategory the category Grp(Prof) of profinite groups. Here the E-reflection of a compact group X is given by the quotient F (X) = X/Γ X (0) by its connected component Γ X (0) of 0. The closure c X (R) of an effective equivalence relation R on X in the category of compact groups corresponding to the E-reflection
is given by c X (R) = R • Γ X , where two elements x and y in X belong to the equivalence relation Γ X if they belong to the same connected component:
As shown in [4] the same result still holds if the algebraic theory of groups is replaced by any Mal'tsev theory [19] (such as the theories of rings, Lie algebras, loops, crossed modules), the proof of this essentially relying on the fact that the category of compact (Hausdorff) models of a Mal'tsev theory is a regular Mal'tsev category [7] .
In what follows we shall be interested in proving a result, similar to the one recalled here above, in the case of the adjunction (A) within the category of quandles, although this latter is not a Mal'tsev category. The category Qnd * of trivial quandles is an E-reflective subcategory of the category Qnd of quandles, and this latter is a variety of universal algebras: any equivalence relation R on a quandle X in Qnd is then effective. An internal equivalence relation R on X in Qnd is an equivalence relation on the underlying set of X which is also a subquandle of the product quandle X × X, i.e. a congruence in the terminology of universal algebra [6] . The congruence Eq(η X ) for a quandle X in this case is also denoted by ∼ Inn(X) [5] , and is defined as follows: (x, y) ∈∼ Inn(X) if and only if x and y are in the same connected component: [x] X = [y] X . As it follows from Lemma 1.3 in [13] , these congruences permutes with any other equivalence relation R on X in Qnd: Lemma 3.3. For any quandle X, the congruence ∼ Inn(X) permutes, in the sense of the composition of relations, with any congruence R on X in Qnd:
for any regular epimorphism f : X → Y : this essentially follows from Corollary 1.8 in [13] . It is also easy to show that, for any congruences R and S on the same quandle X, c X (R ∨ S) = c X (R) ∨ c X (S).
Indeed, both the congruences c X (R ∨ S) and c X (R) ∨ c X (S) turn out to be the kernel congruence Eq(η P • i 1 • q R ) of the composite η P • i 1 • q R , where i 1 and i 2 are defined by the following pushout (q R and q S are the canonical quotients):
